JOURNAL OF COMPUTATIONAL PHYSICS 74, 143-176 (1988)

Assessment of Finite Difference Approximations for
the Advection Terms in the Simulation of
Practical Flow Problems

M. A. R. SHARIF AND AHMED A. BUSNAINA

Department of Mechanical and Industrial Engineering,
Clarkson University, Potsdam, New York 13676

Received April 18, 1986; revised March 20, 1987

An assessment of seven discretization schemes for the advection terms of the transport
equation to reduce numerical diffusion in practical flow problems has been established. The
schemes have been evaluated using three test cases for laminar flow problems. The test cases
consist of the transport of a scalar step in a uniform velocity field, two interacting parallel
streams, and a slot jet. The performance of the schemes is evaluated for advection-dominated
flows in transient and steady-state solutions. The considered schemes include four that have
not been evaluated before for practical flow problems. In general, schemes which produced
less numerical diffusion suffered from more numerical dispersion or oscillations. Two
bounding techniques considered in the study were effective in significantly elliminating
numerical dispersion.  © 1988 Academic Press, Inc.

1. INTRODUCTION

1.1. The Problem

Artificial damping or numerical diffusion presents a very serious problem to com-
putational fluid dynamicists. Computational fluid dynamics codes are widely used
in the aerospace industry for the design of gas turbine engine components including
combustors, compressors, and turbines. Most available codes, however, suffer from
the numerical diffusion problem. Numerical diffusion makes modelling of practical
and complex flow problems very difficult by masking the physics of the problem.
The main source of the artificial diffusion arises from discretizing the advection
terms in the transport equations. Central differencing, which is second-order
accurate, is useless for flow situations with Peclet number higher than 2 where
oscillatory behavior or nonconvergence occurs. Therefore, for the sake of obtaining
a stable solution the upwind differencing is usually utilized with the unfortunate
introduction of numerical diffusion and the severe inaccuracies it presents. These
errors are typically associated with the one-sided upstream differencing of the
advective terms. Several other schemes for discretizing the advection terms have
been proposed and evaluated. A more recent assessment of finite difference methods
was presented by Syed et al. [ 1, 2] where five schemes were evaluated. The schemes
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were: skew, quadratic, Agarwal, spline, and Hermitian differencing schemes. He
concluded that the skew upwind scheme was the most accurate of the five. Some
problems were encountered, however, with that scheme where overshoot and
unbounded solutions were experienced and the scheme had to be bounded. The
above mentioned study [1, 2] did not examine the differencing schemes for time-
dependent flow computations. Two similar studies by Leschziner [3] and Shyy [4]
evaluated various finite-difference techniques for steady-state advection-dominated
flow problems. Leschziner [3] examined the hybird central/upwind, hybird cen-
tral/skew-upwind, and quadratic upstream-weighted differencing schemes. The
study concluded that the last two schemes yield similar results which are superior to
those obtained with the first scheme. Leschziner also reported that the two superior
schemes suffered from a limited unboundedness problem. Shyy [4] studied five
different schemes; first-order upwind, skew upwind, second-order upwind, central
differencing, and quadratic upwind. The study indicated that the second-order
upwind is the most satisfactory. The second-order upwind scheme had been found,
however, to exhibit limited overshoot in the solution [4].

1.2. The Present Contribution

The present paper evaluates seven finite differencing schemes for the advection
terms. The evaluation process is based on three practical test cases. The selected
schemes are:

1. Weighted upwind differencing (WUD) [5].

2. A predictor-corrector style second order upwind differencing
(SOUD1) [6].

3. Second-order upwind differencing (SOUD?2) [4].

Skew upwind differencing (SUD) [7].

Transportive upwind differencing (TUD) [8].

Directional transportive upwind differencing (DTUD) [8].
Quadratic upwind interpolation differencing (QUID) [9].

NSk

Four of the investigated schemes (2, 3, 5, and 6) have not been tested before for
practical flow problems.

2. COMPUTATIONAL ANALYSIS

2.1. The Technique

The computational procedure solves directly for the primitive pressure and
velocity variables and is based on the Marker and Cell (MAC, Los Alamos) techni-
que. This is one of the most well-known methods to solve time-dependent incom-
pressible fluid flow problems. This work is based upon a two-dimensional version
[5, 10] of it. In the present work, an Eulerian finite difference formulation is used
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FiG. 1. Schematic of the grid system showing the control volumes for different variables.

with pressure and velocity as the main dependent variables. Figure 1 illustrates the
total staggered mesh arrangement exhibiting the computational cells and shows the
location of each of the field variables p, 4, and v and its corresponding (i, j)-cells.
Normal velocities in this particular grid system lie directly on the physical boun-
daries of the solution domain, while the tangential velocities and pressure are
displaced half a cell interval inside the flowfield. In this way the exterior fictitious
cells are particularly convenient when applying the boundary conditions.

2.2. The Governing Equations

The governing equations of the incompressible flow field are the continuity
equation, the conservation of momentum in the x and y directions, and the scalar
transport equation. These may be taken in Cartesian coordinates in the conser-
vative form [5, 107 as

ou v

continuity: e + 5)—) =

(1)
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. Ou O(uu) Hou)  dp ’u 62u>
Xx-momentum: Er + ox oy - ox +v <6x2 + 37 (2)
. Ov O(u) Aw)  dp (620 0%
y-momentum: Fr + o + ER v Epe +6y2 (3)

. 0¢  Oug) Ovg) (02¢ 2’
scalar transport: 5 + E + o r, e 5)7 , (4)

where « and v are x and y components of velocity, ¢ is the time, p is the ratio of
pressure to the constant density p, v is the kinematic viscosity, and I, is the coef-
ficient of diffusivity for the scalar ¢.

2.3. The Finite Difference Equations

In formulating the finite difference representations of the governing partial dif-
ferential equations, central differencing is used for the diffusion and pressure terms
and forward differencing is used for time. All the expressions are given for a general
nonuniform grid.

The advection terms in the transport equations for all the investigated schemes
can be expressed in the general form presented below. The notations UL, VL, UR,
VR, UB, VB, UT, and VT for the advecting velocity components at the cell faces
apply for any of the u-, v-, or p-cell. U and V denote the x and y components of
velocity where L, R, B, and T imply left, right, bottom, and top face of the cell,
respectively. These may be interpolated from the appropriate velocity components
surrounding the cell face or may be located on the cell face itself.

Considering the wu-cell, the advection terms of the x-momentum equation are
given in the conservative form as;

_d(uu)| _ (URYURW)—(UL)(ULW)
DU == ., = (D) dx,+ dxr ) )
DVUDY=6(W) ___(VT)(UTW)—(VB)(UBW), 6)
oy i j ij

where URW, ULW, UTW, and UBW are the interpolated values of the x-com-
ponent of velocity at some upstream location which depends on the particular
scheme employed. The interpolation method for each scheme will be discussed in
Section 3.

Considering the v-cell the advective terms for the y-momentum equation are
given in the conservative form as

DUVDX:a(uv) _(UR)VRW)— (UL)VLW) -
ox |i; Ax;
_dwv)|  (VT)WVTW)—(VB)\(VBW)
brvbr= dy i‘j.— (172X dy;+ 4y, 1) ’ (8)
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where VRW, VLW, VTW, and VBW are the interpolated values of the y-com-
ponent of velocity at some upstream location which depends on the particular

scheme employed.
Considering the p-cell, the advective terms for the scalar transport equation are
given in the conservative form as

purpy )| _(URNGRW)— (UL)YGLW) o)
O0x |;; Ax;

DprEDy =29 ___(VT)(¢TW)—(VB)(¢BW)’ (10)
oy ij ij

where ¢RW, LW, ¢TW, and ¢BW are interpolated values of the scalar at some
upstream location which depends on the particular scheme employed.
The pressure terms in Egs. (2) and (3) are approximated as

p Pivry—Pi

DPDX=2| = __Flrli— Lt i
oxl,, ~ R dx, % dx,00) (1)
p Pijr1—Pi;

DPDY=—| = UEh LJ . 12
oyl " A2y, + 4y, ) (12)

The diffusion terms are

62 62
DIFU=v<5x—l;+a—:2-> (13)
02 0?
DIFV =» (5)§+a—yf) (14)
02 02
DIFF=T, <T$+Wf> (15)

First-order accurate central difference discretized forms of these terms for non-
uniform grid can be obtained using Taylor series expansion. The finite difference
forms of the basic equations are, therefore, given by

.___“f'f;t“"’f = —DPDX"— DUUDX"— DVUDY" + DIFU" (16)
__”"'f;t”'lf = —DPDY"— DUVDX"— DVVDY" + DIFV™ (17)
¢ n___f;t‘”w — —DUFDX"— DVFDY" + DIFF™. (18)

Superscripts n and (blank) are used to denote values at time-level ¢ and ¢+ 4¢,
respectively. The solution algorithm consists of a time-march procedure. At each
step of the march, scalars are calculated explicitly from the scalar transport



148 SHARIF AND BUSNAINA

equation whereas the velocity guesses are calculated explicitly from their respective
conservation of momentum equations. The newly calculated velocities are con-
sidered to be first approximations at the new time level, since the continuity
requirement has not yet been imposed. The approximations are improved in an
iterative fashion, adjusting the cell pressures and velocities to satisfy the continuity
equation. When convergence is achieved, current values of pressure and velocities
are accepted and taken as initial values for the next time step. Boundary conditions
are imposed on the scalar after each time step and on the velocities after each time
step and after each pass through the mesh during pressure iterations. Convergence
to the steady-state solution is established by taking many forward time steps. The
choice of time increment must be restricted (for stability) in two ways. First, the
fluid should not pass through more than one cell in one time step. Therefore, 4t
must be less than (usually 0.25-0.33 times) the minimum cell transit time taken
over all cells. Second, when a nonzero value of diffusivity is used the momentum or
the scalar quantity should not diffuse more than one cell in one time step. More
details about the solution algorithm and its application are available in [5, 10].

3. DIFFERENCING SCHEMES FOR THE ADVECTION TERMS

3.1. Weighted Upwind Differencing (WUD)

The advected values at the cell faces are approximated by weighted interpolation
between the two nodal values on either side of the cell faces with more weight given
to the nodal value upstream of the cell face.

Considering the v-cell, for the right face,

VRW =[v; ;4%; /24 v,y ; 4%,/2
+ (Sgn)(a)(vi,j — Uiy 1.,/’) Ax; 4 W/21/(Ax:+ 4%, 1)/2, (19)

where sgn = UR/|UR| and ia= (1 —sgn)/2 and 0 <« < 1 is the donor cell weighting
factor. If & =0 then central difference is obtained and if =1 then full upwind dif-
ference is obtained. In general, a should be slightly greater than max{|u| 4¢/4x,
lv| 4¢/4y}. In this study « is taken as 0.6. For the top face,

VIW = %[Di,j + Uiy (Sgn)(a)(vi,j— U4 l,j)]’ (20)

where sgn= VT/|VT)|.
Similar expressions can be obtained for (VLW, VBW), (URW,ULW,UTW,
UBW), and (¢RW, LW, ¢TW, $BW) by considering the respective cells.

3.2. Predictor—Corrector Second-Order Upwind Differencing (SOUDI)

This scheme is essentially another version of WUD. For computations of the
velocity components, a double pass through the momentum equation is taken at
every time step before the pressure iteration. In the first pass the donor cell coef-
ficient o is taken as 1.0. The computed velocities are then considered as the predic-
ted velocities (with first order accuracy). In the second pass the predicted velocities
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are used in the computation as the previous time-level velocities with a = —1.0.
Then the resulting velocities from the two calculations are averaged to obtain the
new time-level velocities for pressure iteration. Computation for a scalar is done
similarly by double pass through the transport equation.

These approximations are considered to be second-order accurate [6] in time
and space because the first pass uses values at time level n, while the second pass
uses (first-order) approximations for values at time n + 1. The average then has the
level n+ 1, which is second-order accurate in A¢. Likewise, using o = 1.0 in the first
pass and o = —1.0 in the second pass, results in an average value of zero which is
second order in space.

3.3 Second-Order Upwind Differencing (SOUD2)

The advected values of u, v, and ¢ at the cell faces are approximated by linear
extrapolation to the cell face of two successive immediate upstream nodal values.
For illustration the v-cell is considered:

VRW = (141040 ;—10;_1 4 3a > (21)
where ia=(1—UR/|UR|)/2 and r=[(4x;, )/2)/ 14X, | 20+ 4%, 2ia)/2];
VBW=(1+r)v;; 14ja~10;-24%a (22)

where ja=(1—VB/|VB|)/2 and r=[(4y;)/2]/[4y; 14 3.}

Similar expressions can be obtained for other advected quantities by considering
the respective cell. This approximation, however, is not an exact transformation of
the point discretization form used by Shyy [4], which is not appropriate for a
staggered grid system.

3.4. Skew Upwind Differencing (SUD)

The advected values of u, v, and ¢ at the cell faces are approximated by consider-
ing the direction of the velocity vector at the cell face and interpolating between the
values at two appropriate nodes among the nodes surrounding the cell face. The
two appropriate nodes are selected by going upstream along the direction of the
velocity at the cell face all the way back to the line joining the centers of the
adjacent cells as shown in Fig.2. Considering the left face of the p-cell, the
approximation for ¢ LW is made as follows:

is=UL/\UL\, ia=(1—is)2, js=VL/\VL|, ja=(1~-js)2
E=dx;_14u/2,  n=(4y;+4y; ;)2
0 =arc tan(|VL/UL|), o = arc tan(n/&), o0=C¢tan 0, {=(s)ncoth
L —~93)di i 1ia;jt00iisia;—js)/n, if a>0

LW = [(4x,/2+ ) ¢i—l,j—js+ (4x;_,/2—0) ¢i,j—js]
(4x;_+ Ax,)/2 ’

(23)
if x<®.
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FiG. 2. Illustration of the skew upwind differencing.

Depending on the direction of the velocity vector at the cell face, there are six
possible pairs of nodes between which ¢LW may have to be interpolated. Similar
expressions for other advected quantities may be derived.

3.5. Transportive Upwind Differencing (TUD)

In this scheme the advected values are approximated by interpolating between
the values of the two nodal points on either side of the cell faces [7]. The point of
interpolation is selected according to the magnitude and direction of the respective
component of the face velocity at a distance £. As illustrated in Fig. 3, this distance
is evaluated as a function of the cell face velocity and time; & = f(4¢/2) (component
of face velocity). The factor § is an adjustable parameter. Hirt’s stability analysis of
the scheme applied to a linearized model advection equation shows that it should
be equal to 1.0 to avoid numerical diffusion. This value, however, introduces
oscillations to the solution which can be eliminated to some extent by taking it
slightly larger than 1.0 at the expense of introducing artificial diffusion. In this study
it is taken as 1.0.

Considering the u-cell,

ULW_—.u,,,}__Fﬁl_—_’ﬁl-il: Ax_,g(UL) ] (24)
Ax;
Ady; At
UTW =y, + —ebdt L~ Yy [ i _ (VT —]. 25
(172)(4y;+ 4y, ) Rl 2 (23)
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FiG. 3. Tllustration of the transportive upwind differencing.

Similar expressions for other advected quantities can be obtained considering the
respective cell.

3.6. Directional Transportive Upwind Differencing (DTUD)

This scheme is a combination of transportive and skew upwind differencing. The
magnitude and direction of the velocity vector at the cell face under consideration
are taken into account; and the advected values are approximated by interpolating
among the properties at four nodal points surrounding the point of interpolation.
The four nodal points are selected by considering the direction of the velocity vec-
tor at the cell face and the point of interpolation is chosen at a distance f(4¢/2) | V|
upstream in the direction of the velocity vector V, as illustrated in Fig. 4. Consider-
ing the left face of the cell (i, /) and assuming the direction of the velocity vector
V;, the advected value is interpolated at’the point P from the values at nodes
(i—1,j—1), (i, j—1), (i—1,)), and (i, j). Considering the top face, the advected
value is interpolated at the point Q from the values at nodes (i—1,j), (i, j),
(i—1,j+1), and (i, j+ 1), if the direction of the velocity is as indicated.

Figure 4 shows that the point P is located at (&= B(UL) 4¢/2, n=B(VL) A4t/2).
There are four possible locations of P depending on the direction of UL and VL.
The coefficient § is an adjustable parameter identical to that of TUD parameter
and has a value of 1.0 which eliminates numerical diffusion but introduces
oscillations to the solution. The approximation for LW can be made as follows;

Jjs=VL/|VL|, ja=(1~-js)/2
$=[4x,/2+ B(UL) At]/(4x;_ + 4x;)/2,  n=PB|VL| 4t/(4y,+ 4y;_;,)/2
SLW=(1—-¢)1—n) ¢i,j+ E1—n) ¢i—l,j+ (1-¢) ’1¢i,j—js+ é'1¢i—l,j—js' (26)

Similar expressions for other advected values can also be obtained.
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FiG. 4. Illustration of the directional transportive upwind differencing.

3.7. Quadratic Upwind Interpolation Differencing (QUID)

The advected values at the cell faces are approximated by quadratic interpolation
among the respective values at three nodes; two located on both sides of the face
and the third one is chosen at one cell width away from either of these two nodes
depending on the direction of respective component of the face velocity.

Considering the u-cell,

URW =ad>+bd +c, (27)
where

a=(rui+l+ia,j+ ui'l+ia,j)/(r+ 1)—ui+ia,j

AX; 0 AX i ria
b=(r2Mi+1+ia.j—ui71+ia,j)/(r+ ==,

AX;i 4o
C=Uitia
O=(sgn)dx,;,,/2, r=A4X; /4% 41 1 ia
sgn = UR/|UR|, ia=(1-—sgn)/2.
Similarly,

UBW = ad? + bd +c, (28)
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where

a=(rui,j+ja+ui,jf2+ja)/(r+ 1)_ui,j~l+ja
Avj42+ja Avj;1+ja

b=(rzui,j+ja_ui,j*2+ja)/(r+ 1)_(r_1)ui.j*l+ja
Avj72+ja

C=Uij 14ja

6=(sgn)ij—l+ja/2, r=Av;_5, o/ AV; 1 ¢ jas Avj=(ij+ij+l)/2

sgn=VB/|VB|, ja=(1—sgn)/2.

Similar expressions for other advected values can also be obtained.

4. TeST CASES

The three test cases chosen for the evaluation of the selected discretization
schemes are:

1. The transport of a scalar step in a uniform velocity field at angles of 26.6
and 45° to the grid lines.

2. Two interacting parallel streams with different velocities at angles of 26.6
and 45° to the grid lines.

3. A two-dimensional slot-jet with the jet axis skewed at angles 0, 26.6, and
45° to the grid lines.

The flow in all cases is laminar to avoid the question of the reliability of tur-
bulence models and whether the diffusion is introduced by the differencing scheme
or the eddy viscosity. The flow direction considered mostly in the study is skewed at
an angle to the grid lines since numerical diffusion is known to be predominant
then. Analytical solutions are available for cases 1 and 2 to assess the accuracy of
the scheme. All of the schemes are subjected to the same boundary and initial con-
ditions, stability criteria, and solution procedure. Hence, stability problems that
some schemes may develop will be inherent in the differencing schemes used for the
advection terms. Initial values of the velocity components are taken as zero. Com-
putations are carried out for pure advection (|Pe| = o0) and advection dominated
flows (Peclet numbers of about 200 and 20) for all the test cases. The difference in
the results for |Pe| = oo and for |Pe| ~ 200, however, is not significant. Therefore,
the results for cases with | Pe| ~ 200 are not presented here. Uniform square grids of
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size 0.01 m x 0.01 m are used for all the test cases. In the following sections, s and »
represent the directions along and normal to the flow direction, respectively.

4.1. Transport of a Scalar Step

This test case examines the transport of a line source for a scalar step
downstream in a uniform velocity field. Since the advective velocities are constant,
the transport equation is linear for this case. Thus, the effect of skewness of the
velocity field to the grid lines can be studied without considering the nonlinearity of
the transport equation.

The input profile at the inlet is a scalar step profile specified as

0.0, —h2<n<0

0,n, 1)=
#0.m, 1) {1.0, 0<n<h2,

where £ is the width of the flow domain. For the pure advection case (I, =0.0), the
steady-state profiles downstream should be the same as the input profile if
numerical diffusion is absent. For the case of nonzero diffusivity, the steady-state
analytical solution is given by [3]

V 172
¢(s,n)=0.5 [1+erf{—n<4r¢s) }], (29)

where V is the magnitude of the resultant uniform velocity in the flow direction.
For the flow angle 26.6° to the grid lines, a 40 x 45 mesh is used with 47 =0.001 s.
The schematic of the test case is shown in Fig. 5. Analytical as well as predicted
steady-state profiles are presented in Figs. 6 and 7 for Peclet numbers of o and
22.36. The profiles are at a distance s/4 = 13 from the inlet section, where 4 is the
grid size. The figures show that for the Peclet numbers considered, WUD suffers the

pen boundary

.

¢=1
h/2
n =1
8
o-1 h/2
$=0 =0

FiG. 5. Schematic of the first test case—advection of a scalar step in a uniform velocity field at an
angle to the grid line.
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Fi1G. 6. Transport of a scalar step; predicted scalar step profiles for the first test case (s/4=13,
| Pe| = oo, flow angle = 26.6°).
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0.6

F1G. 7. Transport of a scalar step; predicted scalar step profiles for the first test case (s/d=1
1Pe{ =22.36, flow angle = 26.6°).
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most numerical diffusion which in turn supresses any oscillation in the solution.
Other schemes suffer more or less from oscillations which are significant for pure
advection case (|Pe| = o). At | Pe| = 22.36, oscillations are less severe. At all Peclet
numbers, SUD, SOUD?2, TUD, DTUD, and QUID schemes have less numerical
diffusion than WUD and SOUD1 and the accuracy of the solutions is similar.

For the flow angle of 45°, a 40 x 40 mesh is used with 4¢=0.001s. Predicted
steady-state profiles at s/4 =13 for | Pe| = o0 and 21.21 are shown in Figs. 8 and 9.
In this case SUD has very little numerical diffusion and does not produce any
overshoot or oscillation. Other schemes, namely DTUD, TUD, QUID, and
SOUD2, have similar numerical diffusion and accuracy and produce overshoots
which are less severe than those at 26.6°. WUD and SOUD1 suffer from more
numerical diffusion and produce no oscillations.

The normalized total errors produced by SUD, SOUD?2, DTUD, and QUID for
this test case with zero diffusivity are presented in Table I. The errors are estimated
using the normalized deviation defined by

"o b — @l dh
ND. =221 To
"oz |8l dh

where ¢, and ¢, are the exact and computed solutions, respectively. The table
shows that, at 26.6° flow angle, the error is maximum for SUD. This is largely due
to the numerical dispersion or oscillations. Syed and Gosman [1] showed that for
SUD, numerical diffusion error approaches zero around a flow angle of 26°. The
oscillations can be eliminated if the scheme is bounded as will be shown in Sec-
tion 5. At a 45° flow angle, SUD produced the minimum error among the four
schemes, which is expected. Leschziner [3] showed that, for SUD, at this flow
angle with uniform square grid, numerical diffusion occurs only in the streamwise
direction. Since the flow is advection dominated, diffusive transport in the
streamwise direction is unimportant and numerical diffusion is of little consequence

(31
TABLE 1
Normalized Deviation Errors in Percent
for the First Test Case with |Pe| = o0
Flow angle
Scheme 26.6° 45°
—_—
SOUD2 33 109
DTUD 6.4 6.8

QUID 2.5 8.0
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FiGg. 8. Transport of a scalar step; predicted scalar step profiles for the first test case (s/4=13,
| Pe| = oo, flow angle =45°).
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FiG. 9. Transport of a scalar step; predicted scalar step profiles for the first test case (s/4 =13,
| Pe| =22.36, flow angle = 45°).
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4.2. Interaction of Two Parallel Streams

The interaction of two parallel streams of different velocities moving at an angle
of 26.6 and 45° to the grid lines is considered. Since the advecting velocities for this
test case are also functions of space and time, the momentum transport equations
are nonlinear.

A schematic for this test case is shown in Fig. 10. The velocity ratio between the
two parallel streams is 2.0. For pure advection (v=0.) the steady-state velocity
profiles at downstream locations should be the same if numerical diffusion is absent.
For nonzero viscosity, the analytical solution of the velocity distribution (similarity
profile) by Schlichting [11] is used for comparison.

A 38 x43 mesh is used for the flow angle of 26.6° with 4¢=0.001s. The Peclet
numbers considered are oo and 22.36 based on the higher velocity of the two
streams. The predicted profiles at a distance s/4 =13 from the inlet section are
presented in Figs. 11 and 12. The figures show that SUD, TUD, and DTUD exhibit
significant oscillations in the profile for pure advection (]Pe| = o). The results of
TUD, DTUD, and QUID show comparable accuracy. WUD exhibits the most
numerical diffusion with no oscillation. SOUD1 and SOUD?2, on the other hand,
introduce moderate numerical diffusion and moderate oscillations.

A 38 x 38 mesh is used for the 45° flow angle with 4:=0.001 s. Computation is
carried out for two Peclet numbers (o0 and 18.86) based on the higher velocity of
the streams. The predicted and exact or analytical profiles are presented in Figs. 13
and 14. At this flow angle none of the schemes, except QUID, produces significant
oscillations. The velocity profile predicted using QUID at |Pe| =0 (Fig. 13) is
shown at 150 time steps. With further advances in time the solution diverges.

4.3. Two-Dimensional Slot Jet

The third test case considered is a two-dimensional laminar jet issuing from a
wall into a stagnant surrounding. Predicted profiles for the axial velocity of the jet
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F1G.10. Schematic of the second test case—interaction of two parallel streams skewed at an angle to
the grid lines.
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FiG. 11. Interacting parallel streams; predicted velocity profiles for the second test case (s/4 = 13,
| Pe| = oo, flow angle = 26.6°).
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FiG. 12. Interacting parallel streams; predicted velocity profiles for the second test case (s/4 =13,

| Pe| = 23.36, flow angle = 26.6°).
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FiG. 13. Interacting parallel streams; predicted velocity profiles for the second test case (s/4=13,
| Pe] = o0, flow angle = 45°).
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FiG. 14. Interacting parallel streams; predicted velocity profiles for the second test case (s/4 =13,
| Pe| = 18.86, flow angle = 45°),
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at different locations along the jet axis are examined. Starting from =0 and s=0
the jet advances several jet widths downstream and eventually reaches steady-state
condition. The width of the jet at the entrance spreads over four cells. Three angles
of inclination of the jet axis to the grid lines (0, 26.6, and 45°) are considered.
Results for flows at two different Peclet numbers (oo and 33.3, based on the jet exit
velocity) are presented. Two criteria are considered for comparison of the predicted
steady-state profiles; the outward spread of the jet (in the normal direction to the
jet axis) and the center line velocity of the jet. For pure advection the profiles are
compared with the inlet profile at the jet exit. For flow at |Pe| = 33.3, the steady-
state profiles for nonskewed jet are virtually scheme independent and thus can be
considered exact [3] for the purpose of comparison (instead of the exact solution)
with the predicted profiles of a skewed jet possessing the same width and velocity at
the jet exit as that of the nonskewed jet. Transient profiles are used to observe the
transient solution behavior and stability of the schemes.

A 50 x 40 mesh is used for the nonskewed jet with 4¢=0.0005 s. Predicted steady-
state velocity profiles for the pure advection case are shown in Fig. 15 at location
s/4=20. Although the center line velocities are more or less the same for all the
schemes, TUD, DTUD, and QUID produce some undershoot near the base of the
profile. The outward spread is minimal for all the schemes except for WUD and
SUD. The same pattern is observed at other downstream locations. The predicted
axial velocity profiles of the nonskewed jet at two axial positions are presented in
Figs. 16 and 17 for |Pe| =33.3. All schemes produce identical profiles at s/4 =20
and very similar profiles at s/4 =30. QUID shows some overshoot at s/4 =30
which results in an asymmetry in the profile as exhibited in Fig. 17. TUD and
DTUD, on the other hand, show some undershoot near the jet axis after about 100
time steps as shown in Fig. 18. This undershoot is not present in the steady-state
solution. QUID also exhibits some undershoot near the jet axis, which can be con-
sidered minor compared to the undershoot produced by TUD and DTUD at the
same time level. Other schemes do not exhibit any undershoot or overshoot in the
transient or steady-state solutions.

A schematic of the mesh system for the skewed jet is shown in Fig. 19. A grid size
of 55x75 with a 4t=0.0005s is used for the flow angle of 26.6°. The predicted

in Lice M and 31 Tha neafilac ora manctuanactein alaasat ¢lon

l

J

oscillations near the base of the profile while SUD develops overshoot near the jet
axis. WUD exhibits the most numerical diffusion. The profile for SOUD1 is shown
at 410 time steps, after which it becomes unstable. At |Pe| = 33.3, SUD, DTUD,
TUD and QUID have similar accuracy when compared to the nonskewed jet
profile (Fig. 21). For SUD, the computed velocity near the axis is marginally better
than other schemes.

A 60 x 60 grid system is employed in the computation with 4¢=0.0005 s for the
45° skew angle. The computed velocity profiles for the skewed jet are shown in
Fig. 22 and 23 for s/4 =20. Although none of the schemes produce any oscillation
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F1G. 15. Predicted velocity profiles for the third test case (s/4 =20, | Pe| = oo, 0° jet).
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FiG. 16. Predicted velocity profiles for the third test case (s/4 =20, | Pe| =33.33, 0° jet).
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FiG. 18. Under-shoot produced by TUD, DTUD, and QUID for the non-skewed jet.

(Fig. 22) for pure advection, large numerical diffusion and outward spread is
observed in the profiles when compared to the jet exit profile. SUD, however,
produces less diffusion than other schemes. Figure 23 shows that all the schemes
suffer, to some extent, from numerical diffusion compared to the nonskewed jet
solution for |Pe| =33.3. Among the seven schemes studied, WUD introduces the
most numerical diffusion since the spread is more and the center line velocity is
least compared to the nonskewed jet profile. For SUD, on the other hand, although
the outward spread is more than some of the other schemes, the center line velocity
is closer to the nonskewed jet profile than other schemes.
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FiG. 19. Schematic of the third test case—two-dimensional jet skewed at an angle to the grid lines.
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FiG. 20. Predicted velocity profiles for the third test case (s/4 =20, |Pe} = o0, 26.6° skewed jet).
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FiG. 21. Predicted velocity profiles for the third test case (s/4 =20, |Pe| = 33.33, 26.6° skewed jet).
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Fic. 22. Predicted velocity profiles for the third test case (s/4 =20, |Pe| = oo, 45° skewed jet).
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F1G. 23. Predicted velocity profiles for the third test case (s/4 =20, | Pe| = 33.33, 45° skewed jet).
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5. BOUNDING

It is rather obvious from this study and others [1-4] that lower order schemes
such as upwind, weighted upwind, and hybird/upwind suffer from excessive
numerical diffusion. Skew upwind or other higher order schemes, although more
accurate, suffer from nonphysical spatial oscillations (often called overshoot). This
problem can be treated using a filtering technique such as the flux-connected trans-
port, originally proposed by Book and Boris [12, 13] and later improved by
Zalesak [14], to partially or totally eliminate the oscillations and maintain
accurate solutions.

Further evaluation of the higher order schemes by the authors using the filtering
technique of Zalesak [14] is underway. In Zalesak’s method, fluxes computed using
a lower order and a higher order scheme are blended to compute the advection
terms so that the oscillations are eliminated. Figure 24 shows the case of pure
advection of a scalar step in a uniform velocity field skewed at an angle 26.6° to the
grid lines. The computation is performed using SUD as the higher order scheme
and full donor cell upwind differencing as the lower order scheme. The figure shows
that the oscillations are significantly eliminated compared to the solution by SUD
only.

Simple bounding, which is a less sophisticated but a more economical technique,
produces acceptable solutions. In this case the computed value for a particular cell
is compared to the computed values of its surrounding cells. Let

Pmax = Max(e;_ 1j> b 1) Bii1s ¢i,j+ 1) (30)
¢min=min(¢ifl,j9 bivijo ¢i,j—l9¢i,j+l)' (31)
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FiG. 24. Predicted scalar step profiles for the first test case using flux corrected transport technique
and skew upwind differencing (| Pe| = co, flow angle = 26.6°).
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FiG. 25. Predicted scalar step profiles for the first test case using simple bounding and skew upwind
differencing (| Pe| = oo, flow angle = 26.6°).

If @rin <&, ; < Smax then @, ; is left unchanged but VRIpCjty< @ i, then ¢, ; is set equal
t0 @min and if @, ;> @, then @, ; is set equal to ¢,,,,. Results, using SUD and this
method, for pure advection of a scalar step in a uniform velocity field skewed at an
angle of 26.6° is presented in Fig. 25, which shows that the oscillations are
significantly removed.

6. CLOSURE

Seven finite-difference schemes have been evaluated to identify an accurate dis-
cretization scheme for the prediction of practical flow problems. A close look at the
results presented indicates that the choice of a scheme which performs well in all
situations is rather difficult. WUD introduced significant numerical diffusion in the
predicted profiles. SOUD1, which uses more computer time since calcultions are
repeated every time step, did not improve the solution significantly over WUD and
in one instance exhibited instability (pure advection of skewed jet at 26.6°). More
accurate schemes (SUD, DTUD, SOUD2, QUID, TUD) produced unacceptable
over- or undershoots in the solution for pure advection and advection-dominated
flows. This unboundedness is largely associated with sharp discontinuity in the
advected property [15]. For nonskewed jet DTUD, TUD and QUID produced
undershoots in the profile near the center line during transient solution. QUID also
exhibited instability for the second test case at flow angle 45° with zero viscosity.
SUD and SOUD?2, however, did not exhibit any instability for the test cases con-
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sidered. In general, SUD produced more accurate results in the sense that
numerical diffusion was least compared to other schemes, but produced severe
overshoots for a flow angle of 26.6°. SOUD?2 exhibited less overshoot but produced
more numerical diffusion than SUD. SOUD2 requires less computer time and
implementation effort than SUD. Based on the results of the test cases, these two
schemes can be considered better than other evaluated schemes. A suitable
bounding or filtering technique may be used to eliminate the oscillations in the
predictions. Simple bounding was found to be an economical and effective solution
to the overshoot problem.
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